Introduction
The development of modern wireless communication systems and the emergence of many personal privacy devices (PPDs) make the working environment of the GPS receiver more severe and more complicated than ever [1] [2] [3] . The adjacent channel interference and/or the cochannel interference from these systems and/or from PPDs may cause the GPS receiver serious performance degradation when their strength is much stronger than that of the GPS signal. For the adjacent channel interference, it mainly arises from the communication satellite or from the wireless mobile communication system whose transmitting frequency or harmonics is close to the frequency of GPS signal [4] [5] [6] . While for the cochannel interference, it mainly arises from the other satellite navigation system such as Galileo or quasi-zenith satellite system (QZSS) which shares the same downlink frequency with the GPS signal [1] . For example, both GPS L1 C/A code signal and Galileo E1 OS signal have the downlink frequency of 1575.42 MHz. In addition, except these two types of unintentional interference, the GPS receiver may also be subject to the intentional interference from the hostile such as multi-tone interference [2] , narrowband continuous wave interference [7] , [8] , linear frequency modulation interference [9] and so on. Though the nature of direct-sequence spread-spectrum (DSSS) of the GPS signal can reject the interference in some extent, when the strength of the interference becomes relatively stronger, the acquisition and tracking performance of the GPS receiver will degrade greatly, and this will correspondingly degrade the accuracy of positioning and ranging of the GPS receiver [10] .
To mitigate the interference mentioned above, many filtering techniques such as matched filtering (MF) [11] , finite impulse response (FIR) filtering [12] , FFT-based interference excision method [13] and so on have been proposed. Though by these filtering techniques we can mitigate the interference overlapping on the GPS signal in time or frequency domain, in many cases the interference may overlap on the weak GPS signal in both time and frequency domains, and we cannot effectively mitigate them any more by these conventional filtering techniques. To solve this problem, methods such as short time Fourier transform (STFT) [4] , wavelet transform (WT) and related methods [14] are proposed. For STFT, WT and related methods, their performance of interference mitigation often depends on the selection of transforming windows or wavelet basis functions, and this may bring some inconvenience in practical applications. On the other hand, for most man-made signals including the GPS signal and interference that we are to mitigate, they are spectral correlated in their corresponding cyclic spectral domains [15] [16] [17] , and this feature can be used to mitigate the strong interference. Based on this, a new method utilizing CSA [18] [19] [20] of the received GPS signal and RR-MSWF algorithm [21] , [22] to mitigate the strong interference for the GPS receiver is proposed. The general process of the proposed method is that first we get the CFs of strong interference by CSA of the received GPS signal. And then with the obtained CFs, we use the BA-FRESH filter [23] [24] [25] to get the principal process of mitigating the strong interference and separating the weak GPS signal. Finally by utilizing the efficient RR-MSWF algorithm to implement the BA-FRESH filtering, we can effectively mitigate the strong interference and hence improve the performance of the received GPS signal.
The rest of the paper is organized as follows. In Sec. 2, CSA of the received GPS signal overlapped with strong interference is given. Section 3 presents the detailed interference mitigation process with BA-FRESH filter and RR-MSWF algorithm based on the results given in Sec. 2. In Sec. 4, simulations on CSA of the received GPS signal, acquisition and tracking performance of the separated GPS signal are offered. Finally, the paper is concluded in Sec. 5.
CSA of the Received GPS Signal

Signal Model
Considering that single coarse acquisition (C/A) code signal is acquired and tracked in one channel of the GPS receiver, the received GPS L1 C/A code signal overlapped with interference after down-conversion can be given as [3]  
where A S and Φ S are the amplitude and initial phase of the carrier, respectively; f IF is the intermediate frequency (IF) of the GPS receiver and f d is the Doppler shift; n(t) is assumed the additive white Gaussian noise; I(t) is the interference, s(t) is the baseband signal of GPS and
, they are actually a Fourier transform pair, i.e.,
For the conjugate CAF of x(t) and its SCF, they have the similar relationships as (4) to (7) . In addition, the discrete CAF and SCF corresponding to x(t) = x(nT S ) are respectively as [15] 
where R x (n,m) is the conventional autocorrelation function of x(n), and T S = 1/f S is the sampling time interval.
Substituting (1) and (3) into (4) to (7) or (8) to (9), we can get the CFs of x(t) from ( )
But often the strength of interference is stronger than that of the GPS signal, the cyclic spectrum of GPS signal may be concealed by that of the interference, thus we can get the CFs of interference first, and then cancel the interference from x(t) with the following BA-FRESH filter using the obtained CFs. Based on (1) the SCF of ( ) I t can be given as [23] If we disregard 0 
Meanwhile, if we let 
In ( Combining these two results, we can get the estimate of data bit rate
The results given in (12) and (14) 
Obtaining of the Interference CFs from Cyclic Periodogram of the Received GPS Signal
From Sec. 2.2 we have known that by CSA of the received GPS signal, we can get the estimates of the interference CFs. But in practice it is often difficult to achieve this because of the finite processed data. To this problem, we can use the time smoothing or frequency smoothing cyclic periodogram [15] instead of the SCF to get the estimates of the interference CFs. Since the time smoothing method is often considered more computationally efficient than the frequency smoothing method [18] , we will choose the former to get the CFs of the interference. The discrete time smoothing cyclic periodogram of x(n) can be given as [15] 
where
P is the number of non-overlap data blocks, K is a blockoverlap parameter, 1 ( ) f a   is a data tapering window with the length of N samples,
is the spectral resolution. In (15) , the time length of total data segment
To get the reliable estimates of the interference CFs, the product of t  and f  should meet the condition [15]   ( 1)
In practical applications, the implementation of (15) can be fulfilled by FFT accumulation method (FAM) or by strip spectral correlation analyzer (SSCA) [19] . Based on (12) , (14) to (16) , and using FAM algorithm, the process of obtaining the interference CFs of fî and R̂i can be given as following:
Step 1 Suppose N is a power of 2 (if not, we can pad trailing zeros to the samples of x(n) to realize this), based on (15) and (16), use FAM method to get
Step 2 Get the position corresponding to the max value of
, where α > 0. Suppose the result is n f , we can get the estimated carrier frequency of interference as fî = (n f -n m )/(N t T S ), where N t =2N 2 is the total number of processed data by FAM in each data segment, and n m = N t /2 is the middle position of N t .
Step 3 spectral lines which are centered at f n and may take the submax values due to cyclic spectral leakage [14] .
Step 4 Find the positions corresponding to submax values of 1( , )
in the range ( 3, ) 
Interference Mitigation with BA-FRESH Filtering and RR-MSWF Algorithm
Principles of BA-FRESH Filter
With the interference CFs obtained from the cyclic periodogram of the received GPS signal, we can effectively mitigate the interference and separate the weak GPS signal with the adaptive FRESH filter. Due that the reference signal often cannot be got beforehand, we can use the blind adaptive FRESH (BA-FRESH) filter to fulfill the filtering. The structure of BA-FRESH filter [24] based on x(n) of (1) is shown as Fig. 1 , in which Î(n) and sg(n) are the estimated interference and the separated GPS signal, respectively.
In Fig. 1 ,
) are the non-conjugate and conjugate CFs of the interference, respectively, k   . For 
where the superscript H denotes transpose conjugate, and
where the superscript T denotes transpose, 
and
Implementation of BA-FRESH Filtering with RR-MSWF Algorithm
In practice, we can implement the BA-FRESH filtering with recursive least squares (RLS) algorithm, least mean square (LMS) algorithm and so on [24] . Considering the computation efficiency, in the following numerical simulations we have used the efficient RR-MSWF algorithm [21] , [22] to mitigate the interference and separate the GPS signal. The schematic diagram of RR-MSWF algorithm based on Fig. 1 is shown as Fig. 2 . Fig. 2 and equations (18) to (22) , the detailed implementation of the interference mitigation with the batch adaptive RR-MSWF algorithm [21] is given as in Tab. 1.
Based on
Numerical Results
To show the effectiveness of the proposed method, simulations shown as 
Fig. 2. Schematic diagram of RR-MSWF algorithm (stage D = 3).
Initialization:
Forward recursion: 
end Output of the separated GPS signal:
Tab. 1. Implementation of BA-FRESH filtering with the batch adaptive RR-MSWF algorithm to mitigate the strong interference. In the table, t N  is the total samples input the BA-FRESH filter in time interval t  , I is a unit matrix, and  denotes 2-norm.
The common parameter setups used in Figs Other different parameter setups used in each simulation are given as following:  In Fig. 4 , while using the FAM algorithm to get the CFs of the interference, the cycle resolution Δα = 1/Δt is set to 1 kHz and the spectral resolution Δf is set to 120 kHz, K is chosen to be 4 according to [18] ;  In Figs 2, , 6), and D of RR-MSWF algorithm is chosen to be 8 according to the result given in [21] .  In Figs. 5 and 7 , the probability of detection is calculated by Monte Carlo method and the independent run number is 300, and P fa in the figure is the false-alarm probability;  In Figs. 6 and 8 , the root mean square error (RMSE) of each tracking result is the average of 50 independent runs.
CSA of the Received GPS Signal
From Fig. 3(a) we can get that the estimated carrier frequency, and two estimated data bit rates respectively as fî = 9.6182/2 = 4.8091 MHz, R i (l) = 9.6182 -8.0742 = 1.544 Mbit/s and R i (r) = 11.1622 -9.6182 = 1.544 Mbit/s. From Fig. 3(b) we can get R i (0) = 1.544 Mbit/s. Then from these results we can get the final estimated data bit rate as 
Acquisition and Detection of the Separated GPS Signal
From Fig. 4(a) we can see that when the strength of interference equals 5 dB, i.e., the interference is relatively weak, we may still acquire the weak GPS signal with the conventional MF filtering; but when the strength of interference increases to 15 dB as given in Fig. 4(b) , i.e., the interference becomes relatively stronger, we almost cannot acquire the weak GPS signal. But on the other hand, in these two cases, we can well acquire both the weak GPS signals with the proposed method (denoted by "BAF-RR" filtering).
From Fig. 5 we can further learn the difference of two methods for the acquisition of the weak GPS signal from their probabilities of detection. From Fig. 5(a) , we can see that when the strength of interference equals 5 dB, and under the condition that probability of detection P d = 0.8, the proposed BAF-RR filtering outperforms the MF filtering about 4 dB for P fa = 10 -3 , and 6 dB for P fa = 10 -6 , and is only about 2 dB lower than the result without the strong interference for P fa = 10 -3 or P fa = 10 -6
. While from Fig. 5(b) we also can see that when the strength of interference equals 12 dB, under the same condition that P d = 0.8, the proposed BAF-RR filtering outperforms the MF filter- ing about 7 dB for P fa = 10 -3 and 10 dB for P fa = 10 -6 , and is only about 3 dB lower than the result without the strong interference for P fa = 10 -3 , and 4 dB for P fa = 10 -6
. In addition, under the condition that P d = 0.8, with the proposed BAF-RR filtering we can detect the weak GPS signal as low as −24 dB for the SNR of overlapped interference equal to 5 dB, and −20 dB for the SNR of interference equal to 12 dB. The results given in Fig. 5 are also consistent with the results given in Fig. 4. 
Tracking of the Separated GPS Signal
The tracking of the GPS signal is the another critical stage of the GPS receiver, and it is mainly fulfilled by the discriminator of delay locked loop (DLL) aided with the carrier phase locked loop (PLL). Here we use the discriminator whose tracking error is given by 
[28] to measure the DLL tracking performance of the separated GPS signal, where I ES and I LS are respectively the coherent integrations of early (E) and late (L) correlators of the in-phase, Q ES and Q LS are the similar results of the quadrature-phase. The parameter dEL in Fig. 6 is the spacing of E and L correlators.
From Fig. 6 we can see that with the BAF-RR filtering, we can also improve the tracking performance of the separated GPS signal dramatically. For example, in Fig. 6 (a) when the strength of the interference equals 5 dB, under the condition that GPS SNR = -13 dB and dEL = 0.3 chips, for the conventional MF filtering, RMSE of tracking error of the separated GPS signal is about 18 m; but after the interference mitigation with the proposed BAF-RR filtering, the RMSE of tracking error of the separated GPS signal will decrease to about 9 m. In Fig. 6 (b) we can also get the tracking performance of the separated GPS signal filtered with the proposed BAF-RR filtering greatly outperforms that with the conventional MF filtering, and the tracking result with the proposed BAF-RR method is nearly close to the case without the strong interference.
In addition, from Fig. 6 we can also see that the dEL also has an important effect on the tracking accuracy of the GPS receiver. Generally speaking, the correlators of E and L with small dEL are preferable to those with large dEL in improving the tracking accuracy of the GPS receiver.
Acquisition and Tracking Performance of the Separated GPS Signal in the Presence of More Strong Interference
In this section, the acquisition and tracking performance of the separated GPS signal in the presence of more strong interference is also verified. From Fig. 7 we can get that under more strong interference, for the same P d of the separated GPS signal, the proposed BAF-RR algorithm still outperforms the MF algorithm greatly in GSP SNR. For example, for P d = 0.8 and the case of two interference of BPSK + 2ASK, BAR-RR can outperform MF about 6 dB in GPS SNR. On the other hand, from Fig. 7 we also can get that for the two algorithms, when there exists the LFM interference, their acquisition performance will all degrade dramatically, and this can be explained by that the GPS signal and the given LFM interference almost cannot be distinguished in both correlation domain and cyclic spectral domain. But even for this worst case, the proposed BAR-RR algorithm still can filter some more LFM interference than the conventional MF algorithm, as can be seen from their comparisons of P d in Fig. 7 .
While from Fig. 8 we can see that when there is more strong interference, with the proposed BAR-RR algorithm we can also improve the tracking accuracy of the separated GPS signal a lot than with the conventional MF algorithm. For example, when GPS SNR = −15 dB and for the case of three interference of 2ASK + BPSK + 2FSK, RMSE of tracking error of the separated GPS signal is about 10 m, while for the conventional MF algorithm the result is about 20 m. In addition, from Fig. 8 we can also get that when there exists the LFM interference, the tracking performance of both MF algorithm and BAR-RR algorithm will degrade greatly, and this is just well consistent with the result given in Fig. 7 .
Conclusions
A method based on CSA and RR-MSWF algorithm to mitigate the strong interference for the GPS receiver is proposed. Utilizing the CFs obtained by CSA of the received GPS signal and BA-FRESH filtering combined with the efficient RR-MSWF algorithm, we can effectively mitigate the strong interference overlapping on the weak GPS signal in both time and frequency domains, and hence improve the acquisition and tracking performance of the GPS receiver dramatically. On the other hand, due that the delayed signals input the FRESH filter are complex variables, the computation of BA-FRESH filtering is often more complicated than that of the conventional filtering. Concretely, based on (18)- (22) and RR-MSWF algorithm offered in Tab. 1, the computation complexity of BA-FRESH filtering can be given as about O(N Δt (ΓL γ + ΞL ς )D), while for the conventional FIR or MF filtering, the result is about O(N Δt ), where  is the number of FIR filter taps or the Doppler shift searching step size of MF filtering, and often  < (ΓL γ + ΞL ς )D, correspondingly the computation time of the proposed method will be larger than that of the conventional one. For example, with the values of Γ = 6, Ξ = 2, L γ , L ς , D and f s given in the beginning of Sec. 4, suppose CPU operation frequency is 1.0 GHz and ∆t = 1 ms and  = 50, the time cost of MF is about 1.6 ms and the proposed method is about 10.2 ms. Often, to this problem of complexity or computation time, we can make a tradeoff between the number of CFs (= Γ + Ξ) and taps L γ (or L ς ) used in the FRESH filter and the performance of the separated GPS signal.
